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MATHEMATICS AND Sort MINDs 


Under pressure of war needs, American schools are reorganizing 
their curricula with respect to elementary mathematics. Carefully 
measured quantities of arithmetic, algebra, geometry, trigonometry 


are being required of the pre-naval and pre-aeronautic student. 

Thousands of young men, finishing four-year college programs 
deliberately made-up to exclude mathematics, or to include the scanti- 
est amounts of it, on moving to serve their country, are being told to 
go back and get their algebra and their trigonometry. 

Taking their cues from the softness of the times and from the 
widespread doctrine (largely false and superficial) that options in his 
studies are a blessing to the student, high school administrations, in 
too many cases, had reduced to almost vanishing proportions the 
mathematics required for graduation. The belief, dear to our pioneer 
forebears, that mental muscles, like physical ones, are hardened by 
doing hard things, was being flaunted as a teaching entirely against 
Nature’s grain. If budding young America is impelled by his inheri- 
tance to football or to swimming, rather than to the mind-bruising 
athletics of brutal mathematics, let him alone! It is Nature’s way! 

Has it been left for a world war to bring us to our senses and by 
virtue of stern compulsion to place before us once more the truth 
that discipline is a real key to every sort of training? 

Whether the faculty to be trained is physical or mental matters 
not; the strength of that faculty is proportioned to the severity of the 
disciplining process. Every worthwhile training is measurably against 
Nature, rather than wholly with Nature. 

May this present earth-wide demonstration of the power of 
mathematics in a war crisis carry over to post-war times regenerated 
conceptions by the American public of the preeminent place mathemati- 
cal science should have in every program of our schools. 


S. T. SANDERS. 





Characteristic Functions in Statistics* 


By J. F. KENNEY 
University of Wisconsin 


1. Introduction. The first use of an analytic method substantial- 
ly equivalent to characteristic functions seems to be due to Lagrange. '"! t 
Similar functions were then extensively employed by Laplace in his 
classical treatise, Théorie Analytique des Probabilités. Essentially the 
same analytic instrument as the fonction generatrice of Laplace was 
reintroduced under the name characteristic function by Levy"! in 
his book on probability. But it is only within the last decade or so 
that the power and elegance of the calculus of characteristic functions 
has been generally realized in theoretical statistics. This technique 
has been used in many of the recent contributions," relating to dis- 
tribution functions, which are considered fundamentally important. 
Some of these papers, however, require for their comprehension a high 
degree of mathematical sophistication. One of the purposes of the 
present undertaking is to give an elementary exposition which will 
facilitate an appreciation of the theory and applications of character- 
istic functions in mathematical statistics. A second objective may be 
explained as follows. Certain distribution functions used in sampling 
theory, originally reached by geometric methods, admit also of analytic 
formulation. This paper represents an effort to provide the tools by 
by which such formulation may be accomplished at the level of under- 
graduate courses and books in mathematics. 

Although all intentions toward a formal treatment of the charac- 
teristic function are disclaimed, it is hoped that the treatment will be 
generally interesting and useful to students of mathematical statistics 
including teachers who may have only a “‘bowing acquaintance’”’ with 
this technique. 


2. Distribution functions and expected values. A continuous vari- 
able x is said to have the distribution function f(x) if the frequency of 
occurence in the range a <x <0 is measured by 


b 


(1) f(x)dx. 


*On account of its length, this paper is being published in two installments. The 
second installment will appear in the next issue.—EDITOR. 
tNumbers in square brackets refer to the Bibliography at the end of the paper. 
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It will be understood that f(x) is single-valued and is non-negative for 
all real values of x. Also it will be assumed that a normalizing constant 
factor in f(x) is determined so that 


(2) / f(x)dx =1. 


If the actual occurrence of the variable is limited to a finite range, f(x) 
is defined to be identically zero outside that range. Under the condi- 
tion specified by the second integral, the first integral denotes the 
probability that x lies in the interval ab. Then f(x) is also called a 
probability function. 

For the discrete case,* the condition corresponding to (2) is 


(2a) > f(x) =1, 


where the notation > 


Zz 


denotes summation over all admissible values of the discrete variable x. 
A variable associated with a probability function in accordance 
with the above definitions is sometimes called a variate. 
If g(x) is an arbitrary function of x and f(x) is the distribution 
function, then the sum or integral 


(3) Dd a(x)f(x), / g(x)f(x)dx 


—-cO 


defines the expected value of g(x). It is commonly denoted by E} g(x)}. 
This definition is subject, of course, to the condition that the appro- 
priate expression in (3) exists. We are particularly interested in these 
expressions when g(x) takes certain simple forms. If g(x) =x’, where 
here and subsequently 7 is a positive integer, then (3) defines the rth 
moment v, about the origin of x. In particular, », = E(x) =mean of x. 
When g(x) =(x—»,)’, (3) defines the 7th moment u, about the mean. 
We write uz=0c*. It is conventional to call o the standard deviation 
and o? the variance of x. Ejither o or o*? may be taken as a suitable 
measure of dispersion, although modern usage favors the latter. 
Variates x), X2,---, Xw are said to be independent in the statistical 
sense if the function defining their joint distribution can be expressed 
identically as the product of their separate distribution functions. 


*The discrete and continuous cases can both be included under a Stieltjes in- 
tegral. 4] 
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Otherwise they are said to be correlated. We shall have occasion to 
use the following propositions which are established in the literature. *! 


Proposition 1. The expected value of an algebraic sum of two or 
more variates is the same algebraic sum of the expected values of the 
variates. 

Proposition 2. The expected value of a product of independent 
variates is equal to the product of their expected values. 

Proposition 3. If the variates are correlated in pairs the co- 
variance o,, of x; and x, is defined as follows: 


0, = E(x;x,) —E(x,;)E (xx) 
= PjxTjOR 
where p;, is the coefficient of correlation between x, and x,. If j=k, 
then p,,=1 and o,, is the variance of x;. 


3. Characteristic functions. When g(x) =e”?, where w is an aux- 
iliary variable, the expressions in (3) define the characteristic function 
of the distribution of x. This function will be denoted by M(w,x). 
Thus we have 


(4) M(w,x) = E(e**) = >- e*?f(x) or / e”*f(x)dx, 


yg -© 


according as x is a discrete or continuous variable. It is obvious that 
M(0,x) =1. 
The above definition may not exist for some functions if w is a 
real variable. Consider, for example, the Cauchy distribution!® 
1 


(x) = , —@Sxso, 
J) =~ 





Its characteristic function is, from (4) 


e”’*dx 
M(w,x) =— ne, 
T 1+x? 


Since the integrand becomes indefinitely large as xo, this integral 
does not exist for x= @. 

Such difficulties of existence can be avoided by stipulating that 
w be a pure imaginary. Thus if we let w=iy, 1=(—1)"", we have for 
the discrete case, 


(5) M(iy,x) = >> e*”#f(x). 
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Since the absolute value of a sum of complex numbers is never greater 
than the sum of their absolute values whereas the absolute value of a 
product equals the product of the absolute values, it is clear that 


| »e e¥ f(x) SX fi) =1. 


The expression defining M(iy,x) in (5) has an interesting geometric 
interpretation. If we let 6 =yx represent a vectorial angle in the com- 
plex plane, then from the Euler identity e=cos @+i sin 6, we see 
that e'”* represents a point on the unit circle in this plane. Since 
re‘”* represents a point on the circle whose radius is 7, the geometrical 
effect of multiplying e'”*? by f(x) is to move the point along the terminal 
side of 6. The modulus of the vector e'”?f(x) is less than unity be- 
cause 


> f(x) =1. 


When all such vectors, corresponding to the various values of x, are 
added according to the so-called parallelogram law by matching the 
head of one vector to the tail of the next, the resulting end point will 
lie inside or on the unit circle. 

For the continuous case, 


(6) M (ty,x) -| e'¥*f(x)dx. 


—0CO 


From (2) and the fact that f(x) =0, the integral in (6) is convergent 
for any real y, and | M(ty,x)| <1. 


Examples 


1. Find the mean and variance of the distribution 


f(x) =—— e-"", -@msxSoa. 
Vr 
Solution. It is readily verified that 


[s00=1, n= f seods-0 


dus | x°f(x)dx =1/(2h?); 
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whence h?=1/(2c*). A variate whose distribution function is 


f(x) =——— _ e-*"*", -w2x20, 


ov2r 


is said to be normally distributed with mean =0 and variance = o°. 


2. Determine the characteristic function of the rectangular (or 
uniform) distribution f(x)=1l/a, Osxsa. 


Solution. We have 


1 a 
M(w,x) if e“*dx 
° 0 


= (e*”—1)/aw. 














0 a 
3. Determine the characteristic function for the triangular dis- 
tribution defined by the line y =x on the interval 0<x <1 and by the 
line y=2— x on the interval 1<x <2. 


Solution. We observe first that the distribution function satisfies 


(2) since 
1 2 
[s+ [ e-nee-n 
0 1 


Its characteristic function is 


1 2 
mins) f evar [ (2—x)e”*dx 
0 1 


= (e** —2e”+1)/w’. 
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! 
| 
! 
! 
| 
! 
! 








0 (1,0) (2,0) 


Incidentally, this is the square of the result for Example 2 when a=1. 


4. Find the characteristic function of the distribution, sometimes 
called the double exponential function, f(x)=}e-/7/, —-o<x<so. 


Solution. co 
M(w,x) = e”*f(x)dx 


—-c 


0 2 
-_ / etitwdy+t | e~ F-w) dx, 


since — |x| equals x on the negative part of the interval and equals — x 
on the positive part. Evaluating the above integrals we obtain 


1 4 1 |- l 
l+w l-—w 





M(w,x) =} = — 


1—w? 
If w=1y, M (ty,x) 4 — 
1+y? 
5. Determine the characteristic function of the normal distri- 
bution. 


Solution. From (3) and Example i, 


1 2) 
M(w,x) =——-— | _ e**~*"/"dx. 
oy 2 


To evaluate this integral we write x? —20°wx = (x —we*)? — (wo”)?. 
Then M(w,x) =e*!2, 


1 Cc 
since - e~*dx=1, where P=(x—we*)?/20°. 
oy 20 


-—co 
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4. Properties. The following statement can be proved rigorous- 
ly” but not at the level of this exposition. 

A distribution ts uniquely determined by its characterisilic function. 
We shall call this the uniqueness axiom. We shall also adopt as an ax- 
iom a famous duality which is known as a Fourier transform,* namely, 


; 
M(iy) = | e'¥ =f (x)dx 


1 ie 3) 
f(x) -/ M(ty)e-‘**dy, 
2r 
\ —-© 


where M(iy) is shorter notation for M(ty,x). 





Example 6. Determine the distribution whose characterisitic func- 
tion is 
M(iy) =e-""/2. 
Solution. Utilizing (7) we obtain 


1 Le @] 
jo=-f e~ (vet +2tve)/2dy 
2r - 
1 “ b I 3 %, : 
~ i e7 (Cuertz) /2e"} xX ef /2% dy 
T 


@ 


= 7 e~ “20% du x —~— e7( 2/20") 
oy 2x oy 2n 
1 


aa gals ide" | 
oy 2x 
Naturally, we find a normal distribution with variance o* (See Ex- 
ample 5). 
The uniqueness and duality axioms can be used to evaluate many 
definite integrals. As an example, consider the problem of evaluating 


© etzdy 
ae a(1+x?) 


*An expository article on Fourier transforms has recently been published by Cam- 
eron, [8] 
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We recognize this integral as the result of setting up the characteristic 
function of the Cauchy distribution. Also we recall (from Example 4) 
that the characteristic function of the double exponential function is 
1/(1+ y*). We conjecture, therefore, that the answer to our problem is 


M(ty)=e-'*, |iy| =|]. 


Let us test our guess by means of the Fourier transform. Substitution 
of the above expression into the appropriate part of (7) yields 


1 ie 9] 
F(x) i e~!¥le-tvtdy 
“2 
1 0 


1 @ 
an anima evi-tzd caiman e~v-tng 
Qr [ die rail 








1 1 A 1 
Oy 1—ix 1+ix 
1 
(1x2) * 


Thus our guess is verified and we have 


°  etvtdy 
———__ = ¢™' vr 
me a(1+x?) 


an integral due to Laplace. 
Upon expanding e”* into a power series we have, from (4), 
w? w* 
M(w,x)=E | 1+wx+ rT x?+ 31 xi+--- 


whence, with the aid of Proposition 1, we obtain 





(8) M(w,x) =1+wr,+ T ve+ 31 Vet, 
provided the moments exist. In case the origin of x is at », (as in 
Example 5), the »’s in (8) are to be replaced by y’s of corresponding 
order. Thus, M(w,x) may be regarded as generating the moments in 
the sense that v, (or u,) is the coefficient of w’/r! in the expansion above. 
The variable w is sometimes said to carry the moments. 

If the rth derivative of M(w,x) with respect to w exists at w=0 
we obtain from (8), 


(9) M(0,x) =»,, 
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where here and subsequently the left member denotes the rth deriva- 
tive of M(w,x) at w=0. If the origin of x is chosen so that E(x) =0, 
then the right member of (9) becomes u,. Therefore, the characteristic 
function has the important property that its rth derivative at the 
origin of w gives the rth moment of the distribution of x. If w is re- 
placed by zy, the factor 7’ will appear in the right member of (9). 


Example 7. Find the moments »v, of the rectangular distribution 
f(x) =1/a. 
Solution. Although the moments of this distribution can be 


obtained easily from the definition in §2 we shall use this example to 
illustrate (8). Referring to Example 2, we have 





eve—] 1+ wa + wa? m w'*a® 
wa 2! 3! 4! 


and comparing this with (8) we see that 
a’ 
vy» = 


r+1 


Example 8. Find the variance of the discrete distribution 
f(x) =1/n, x=1,2,---,m. (Unbiased dice illustrate this distribution 
for the case n = 6.) 


Solution. We note first that >> f(x)=1. Then from (4), 


l 
M(w,x) =— > e*? 
a “s 


1 
—— we +e") 


2 3 


w w 
=1+Sw+Sr—+Ss 31 $ +++, 


1 
where S,=— >> x’. Comparison with (8) shows that 
n> 


vy, =S,=(n+1)/2, ve=S:=(nm+1)(2n+1)/6. 
Using the relation pu: =v, —v*, we find o? = (m*—1)/12. 


Example 9. Determine the moments xz, of the normal distribu- 
tion. 
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Solution. From Example 5, we have 
M(w,x) =e"? =1+ [ v4 a | 4 £ Jur “* 
2 aii 2 3!\ 2 
whence we obtain 
wer+1 =O, wer =1-3-5-- -(2r—1)o?". 
In particular, we note that 4;=0 and ywy=304=3,y,?. 
Two simple but useful relations are the following: 
(10 M(w,cx) = M(cw,x) 
(11) M(w,x —c) =e-**M(w,x), 


where c is an arbitrary constant. These properties follow from (4). 
The first states that a change of scale, so that x becomes cx, has the 
effect of replacing w by cw in the characteristic function. The second 
says that a change of origin from x =0 to x=c has the effect of multi- 
plying the characteristic function by the factor e~°”. 

Repeated differentiation of (10) yields, in accord with (9), 


(12) Vriez =C'V;: 2 
(12a) Mriez=C"Ur: 2» 
according as E(x) =», or E(x) =0. 


If x1, X2,---, Xy are N mutually independent variates, and if 
L =¢:X%:+€2X%2+---+CyxXy, where here and hereafter the c,’s are arbi- 
trary constants not all zero, then Proposition 2 enables us to write the 
important formula 


(13) M(w,L) =E(e*“) = E{ Il eles S 


j=1 


N N 
= II E(e“**’) = II M(w,c,x,), 
j=1 


j=1 


where M(w,c,x;) is the characteristic function of c,x, From (10) and 
(13) we have 


(14) M(w,L) = il M(cyw, x;,). 
j=1 


5. The binomial distribution. A variate x is said to have a bi- 
nomial distribution with n+1 values and parameter p if 


(15) f(x) =C(n,x)p7q"-*, x=0,1,2,---,n, 
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where g=1—p. It is often called the Bernoulli distribution, after 
Jacob Bernoulli who first studied it in detail. His research was written 
in Latin and published, posthumously, by his brothers in 1713 under 
the title Ars Conjectandi. The characteristic function of (15) is 


(16) M(w,x) = >> C(n,x)(pe”)7q"~* 


= (g+per)". 


The moments », can be obtained in terms of n and p by differentiating 
the above expression and setting w =O in the various derivatives. For 
example, from (9), we obtain for r=1 and r=2, 


y=np, vw=n(n—1)p?+np. 
For certain purposes it is convenient to express x as follows: 


(17) X=Z+2Z2+---+2n, 


g # 


0 / 








where the z’s are identical variates, each with the two values 0 and 1 
assumed with respective probabilities g and p. If x is interpreted as 
the number of white balls obtained in a set of m drawings from an urn 
containing white and black balls, when p is the probability of drawing 
a white ball in each drawing, then z, would represent the result of the 
jth drawing. Obviously, E(z;)=p. The characteristic function of 
any one of the z,’s is, from (4), 


(18) M(w,z;) =e°q+e"p = (q+pe”), 
whence, from (13) with x in the role of L and z, in place of x,, we obtain 
M(w,x) = I] M(w,z;) = (q+pe”)" 
j=1 


which agrees with (16) as, of course, it should. 
A neat derivation of the well known formula c,?=mnpg can be 
given by use of (17). The variance of z, is, by definition, 


o;°=(0—p)*g+(1—p)*p 
=p*q+q"p = pq. 
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Then by the additive property of variances (of independent variates) 
we have 


n 
o,2=), of =npq. 
j=1 


The limiting form of the binomial distribution, as no, is the 
normal curve. This will be stated more precisely and proved in the 
DeMoivre-Laplace theorem (§13). As a consequence of this theorem, 
the sum of the terms of (¢+)" for which a <x <b can be approximated 
by finding the appropriate area under a normal curve. (The procedure 
by which this is accomplished is usually explained in textbooks!) on 
mathematical statistics.) If p (or g) is extremely small, however, the 
approximation is usually not good. If p (or q) is of the order of magni- 
tude of 1/n, denoted by (0)1/n, then a more satisfactory approxima- 
tion to the terms of the binomial is given by the Poisson exponential 
function (§7). 


6. Generating functions and factorial moment generating functions. 
In the right member of (4) let* w=log v and denote by G(v,x) the 
result of the substitution there. Then 


@ 


(19) G(v,x) = D0 o7f(x) v*f(x)dx. 


z 
—-—cO 


We shall call G(v,x) the generating function} (g. f.) associated with 
the probability function f(x). 

If now we replace v by 1+ in the discrete case above, we obtain 
the factorial moment generating function (f. m. g. f.) denoted by H(u,x). 
Thus 


(20) H(u,x) =>) (1+u)*f(x). 


Upon expanding (1+)? and summing, we have 


u? us 
H(u,x) =ltrmt tra tua g t ree, 
where =o x°"f(x), x“ =x(x—1)(x—-2)---(x—-1 +), 


and »,) is called the factorial moment (of order 1) of the distribution f(x). 


*All logarithms in this paper are to the base e. 
tAn interesting booklet by Soper!'*! on generating functions was published in 
1922. See also Aitken’s book.'¢! 
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7. The Poisson distribution. We return to the binomial to con- 
sider the case in which p is small and n is large. If the mean np re- 
mains finite as p—0 and n—o, the limit of the binomial is the Poisson 
distribution. To exhibit this limit we proceed as follows. 


The generating function of f(x) is obtained from its characteristic 
function by replacing e” by ». Thus from (16) we have 


G(v,x) =(q+pr)", 

whence the f. m. g. f. of the binomial distribution is seen to be 
H(u,x) =1+pu)". 

Let m=np. Then H(u,x) =(1+mu/n)" 


and lim (1+mu/n)"=e™. 


nu-? @ 


This result is the f. m. g. f. of a probability function f(x). Its g. f. is 
obtained by replacing u by »—1, so we have 


G(9,x) =e"*-, 


It is evident from (19) that the coefficient of v7 in the g. f. is f(x). The 
coefficient of v* in the expansion of e"*~ is 


f(x) =e-"m?/x!. 


This is the Poisson distribution of rare statistical events. Many ap- 
plications of this function in telephone traffic and other fields are 
given in an interesting book by Fry." 


Example 10. (a) If x has a Poisson distribution, evaluate 


> s(x), 


(b) Taking m=2, make a table of (approximate) values of f(x) for 
x=0, 1, 3, 4, 5. 


Solution. - 
e~™ >> m*/x!=1 


z=0 





8 





.28 
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8. Cumulant characteristic functions. Relation (13) suggests that 
for certain purposes the logarithm of M(w,x) might be more useful than 
M itself. Thus, we define 


(21) K(w,x) =log M(w,x). 
If this can be expanded into a power series of the form 
(22) K(w,x) = xywt now? /2!+ xgw*/3!+ xqwt/4!+--- 


which converges for some range of w containing the origin as an interior 
point, then K(w,x) is called the cumulant characteristic function of the 
distribution of x. The «x’s (kappas) are functions of the moments. To 
determine them we proceed as follows. 
Since K‘*?=M“/M we have M-K®=M™. From the latter 
relation, together with (8) and (22) we get 
w? w* w? w' 


1+v,w +2 rT +r 31 to | nba 1 31 le 








2 3 


Ww 
=n+rnw +? rT ar Ss 


and upon equating coefficients of like powers of w, we have 


f Ki wy 


Vi Ki + Ke = 
voy +21 ke + K3 ad 
V3k) +32 ke +3rix3+ Ke=V% 





In (23) there is an infinite sequence of equations, each of which contains 
one more term than the preceding; in each of the left members the 
binomial coefficients prevail and the subscripts on the »’s decrease 
while those on the «’s increase; the right member of the rth equation 
1S Py. 


By inspection, Ky =}, Ke =V2—12 = pp. 


Utilizing these results in solving the first three equations of (23), we 
obtain x3;=A/B, where 


1 0 Vv} 
A=| l Ve 


ve 2 V3 


Kg =¥3—3vqy, +2y,* = ys. 
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At this point one might wonder if «,=y, for r>3. The answer 
is negative. Determination of the kappas of higher order is facilitated 
by simplifying the equations in (23). This can be accomplished, with- 
out loss of generality, by a translation of the origin of x. Let us apply 
(11) taking c =», and letting x’=x—»,. Then 


(24) K(w,x’) = —»,w+K(w,x) 
= xoW?/2!+ «yw? /3!+xwt/4!+---. 


The effect of the translation is to make «,=0 in (24) and to replace 
the »’s by y’s in (23). So the first four equations of (23) become 


Ki =0 
O+ ke 

ueki tO-+ xs 

M3ki t+3puek2+O+ xe= me 


Solving for x; and x, we find, 


0 0 0 
1 O 
Ka= us 0 1 i = p> —3ys’. 


us Sun O ws 


The translation changes no kappa except the first. The values of «x, 
for r>4 in terms of the u’s can be obtained in a similar manner but 
we shall not need them. Expressing the first four moments in terms 
of the kappas, we have 


(25) Vi = Ki, U3 = Ks 


Me = Ka, Ha= Ke tSnq?. 


The name cumulanis for the kappas seems to have been suggested by 
Hotelling''?) and has been adopted by Fisher''*! and his school.* 


From (22) it follows that 
(26) K‘? (0,x) = x,. 


*Other writers call the «’s “semi-invariants” in accord with the nomenclature 
used by Thiele!1@ who was the first to realize their importance. 
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Utilizing (10) and (21) in (22) we have 
(27) K(w,cx) = K(cw,x) 
= x, (CW) + xo(cw)?/2!+ x3(cw)*/3!+---, 
and from (26) and (27) we obtain 
(28) Leven @C" hp: 9 


This relation expresses the rth cumulant of cx in terms of the rth cumu- 
lant of x. 


When independent variates are compounded by the relation 


N 
L=D cx; 
j=1 
formula (13) shows that the characteristic functions are compounded 


in product. Hence we would expect that the cumulants would be 
compounded in sum. Application of (21) to (13) yields 


N 
(29) K(w,L)>> K(w,c,x;) 
j=1 


and from this result, together with (26) and (28), we obtain the follow- 
ing relation between the cumulants of L and those of the x,’s: 


N 
(30) Kein 2, Cy’ Kr: 2- 
j=1 


This additive property of cumulants is indeed their chief raison d'etre. 
From (14) and (29), 


N 
(29a) K(w,L) =>- K(cyw,x;) . 
j=1 
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Summation of Finite Series 
with Polynomial Terms 


By ALBERT B. FARNELL 
University of California 


To simplify our notation in the following, we introduce 
Ah(n) =h(n+1)—h(n). 


Now suppose we have given a series whose nth term is of the form 
g(m), a polynomial of degree m—1 in n. Let f(m) denote the sum of 
the first m terms of this series. We have then, 


(nm) +g(n+1) =f(n+1), 
g(n+1) =f(n+1) —f(n) 
= Af(n). 

As will be seen, it is sufficient to assume f(m) a polynomial of degree 
m in n, for the coefficients of any higher powers of n would be zero. 
Let then 

f(n) =agn™ +a,n™"'+ ---+4,,_n+a,. 
To satisfy our induction hypothesis, we have only to set 

F(1) =g(1) =o +a, +: >» +4n1+Gm. 

Further, we have 
(1) g(n+1) =a An" +a,An™"'!+ ---+@,_,An. 


On the right we have m unknowns, which are readily obtained on 
equating the coefficients of like powers of n. 

The coefficients of various powers of n on the right can be directly 
obtained from the Pascal triangle. Moreover, as is easily seen, 
Q+a,+---+@,_; is equated to the constant term of g(n+1), so that 
a, =0 always. Hence 


f(n) =aon™+ayn™"!- -- +a,_1n, 


where the coefficients a, are determined from (1). 
Let us determine the sum of a series whose mth term is of the 
form n?+3n?+4. 





SUMMATION OF FINITE SERIES WITH POLYNOMIAL TERMS 


We set up the Pascal triangle and proceed as indicated: 


l 

: = 

3 [3 |1. 
4] 6] 4/1 
5 10 10 51 








From this we can write down directly 
(4@y)n* + (64) +3a,)n? + (4a) +3a; + 2a2)n + (Go +a; +42 +4;3) 
=(n+1)'+3(n+1)?+4 
=n'+6n?+9n +8. 
Equating coefficients we have 
4a =] 
6a) +3a, =6 
4a,+3a,+2a, =9 
ao +4,+4,+a; =8. 
From these, we find a) = '/4, @; =*/s, @g=7/4, @s3 =*/2. Therefore 
FI (n) =*/4n*+3/.n?+7/4n?+%/2n 
=!/,n(n*+6n?+7n+18). 





Without the preliminary of formal statements by us, it is gratifying 
to note the unusually large number of checks being sent in to cover re- 
newal subscriptions. 

Increase of this kind of thoughtful cooperation by those wishing to 
renew their subscriptions is greatly desired. Along with field tasks that 
are concerned with MAGAZINE promotion in every possible way the Editor- 
and-Manager must be both secretary and book-keeper. A reduction in 
his secretarial and recording work means more time for the complex task 
of promoting the MAGAZINE’S circulation—a condition which must be 
based upon improving the quality of the MAGAZINE content. This, in turn 
demands a large time element. M<ailing costs also are materially re- 
duced when a large portion of renewal subscription moneys are mailed 
in on the subscribers’ initiative. 





Note on a Quadrilateral Inscribed 
in a Semicircle 


By F. A. LEwIs 
University of Alabama 


Let the quadrilateral ABCD be inscribed in a semicircle of di- 
ameter AD=a. Denote the angles which AB and CD make with the 


D 

















o 
‘ 





A 


diameter perpendicular to AD by 6, and ©, respectively. One may 
easily verify that the various angles have the values indicated in 
the figure. Therefore, we have 


(1) AD=a, AB=a:-sin®@, BD=a-cos 0, 
CD=a-sin @.,, AC=—a-cos QO». 


All the line lengths in the figure, including some that are not lettered, 
are readily expressible in terms of a and the trigonometric functions 
of 6, and @2, and hence in terms of the five parts of the quadrilateral 
ABCD appearing in (1). For example, in the triangle BCD we find 
BC = —a-cos(@;—®:), from which Ptolemy’s theorem for this special 
case follows. This is only one of more than a dozen similar relations 
which are easily proved. A few typical illustrations follow. 


BF = BD tan(®@,—0,—90°) =a cos @,-cot(@; — 62), 


so that EF (which is seen to be perpendicular to AD) has the value 
a-cot(6,—©:). Expressed in terms of line lengths this gives 
EF BD-.AC—AB-CD 


2 = 
) AD AB:AC+BD-CD 








NOTE ON A QUADRILATERAL INSCRIBED IN A SEMICIRCLE 


From the right triangle AOL, we get 
(3) 2 OL-AB=AD.-BD. 


AD sin 0, 
From DE =——————__ , 
sin(@, —9@;) 


(4) AD?.CD =DE(AB-AC+BD.-CD). 


Conversely, known relations which exist between the various 
lines in the figure furnish interesting trigonometric identities. The 
relation AD* —(AB?+ BC?+CD*)AD—2-AB-BC-CD =0* gives 


(5) sin*6,-+sin*6,+cos?(6,; — 6.) —2-sin 6, -sin 62-cos(@, — G2) = 1. 


The theorem on the ratio of the diagonals of a cyclic quadrilateral 
when applied to ABCD and BFCE respectively gives 


6) cos 0; sin @,—sin 0, -cos(@; — G2) 
( ~ hake 
COS O2 sin 6; —Sin 62-cos(@,; — 92) 





sin @. COS G@.—sin O; cos 6; 





(7) sin(6; — @:) =— 
sin 0, sin 62—COs 0; COS 62 
If we only assume that ABCD is inscribed in a circle and label 
the angles BDA=a, CAD=8, CAB=y, ABD=4, the law of sines 
combined first with Ptolemy’s theorem and then with the theorem 
on the ratio of the diagonals of a cyclic quadrilateral furnishes the 
following relations which hold for all angles a+8+y+é6=180°. 


(8) sin a-sin 8+sin y-sin 6=sin (a+) -sin(8+7), 


sin(s +4) sin a-sin 6+sin B-sin y 





(9) 


sin(8+ y) sin a-sin y+sin 8-sin 6 


*See Dickson, First Course in the Theory of Equations, page 100, ex. 16. New 
First Course, page 95, ex. 42. 





Humanism ana History of Mathematics 


Edited by 
G. WALDO DUNNINGTON and A. W. RICHESON 


LETTER TO THE Eprror 


UNIVERSITY OF ILLINOIS, 
November 2, 1942. 
My dear Professor Sanders: 

The October number of the NATIONAL MATHEMATICS MAGAZINE 
(page 15) contains a reference to the recent Survey of Modern Algebra, 
by Birkhoff and MacLane (1941) which may be too brief to be clear to 
many readers. It should be noted that it relates to a question in the 
history of mathematics and hence it is not fundamentally connected 
with the main subject of the volume in question. In a review of this 
volume which appeared in the April (1942) number of the widely 
consulted Mathematical Reviews, page 100, it is asserted that this vol- 
ume ‘“‘seems to be free from error.’’ This is a somewhat unusual 
claim for a mathematical book of considerable size and makes it more 
desirable to consider evidences which seem to point to its inaccuracy, 
especially since this book will probably be widely consulted in view of 
its many good points. 

The main statements to which the given reference relate are the 
following: ‘‘A completely geometric approach to real numbers was 
used by the Greeks. For them a number was simply a ratio (a: b) 
between two line segments a and b.’’ On the contrary, in Book X of 
Euclid’s Elements, it is asserted that incommensurable quantities do not 
have the same ratio to each other as two numbers. This is one of the 
clearest statements of the sharp distinction which the ancient Greeks 
make between numbers and geometric quantities. In the seventeenth 
century I. Newton and others emphasized the identity between num- 
bers and line segments as is explained on page 93 (1933) of volume 2, 
Tropfke’s Geschichte der Elementar-Mathematik. As it is not now 
generally believed that Pythagoras discovered the irrational quanti- 
ties the term ‘‘Dilemma of Pythagoras’’ (page 61) is also misleading. 

Sincerely yours, 
G. A. MILLER. 





Laplace's Contributions to Pure 
Mathematics 


By A. W. RICHESON 


Pierre Simon Laplace was born in Normandy, France, in 1749 and 
died in 1827. Very little is known of his youth, since in after life he re- 
fused to speak of his childhood days. At eighteen through the aid of 
D’Alambert he secured a position as professor of mathematics at the 
Ecole Militaire of Paris. He was elected a member of the French 
Academy and of the Academy of Sciences; later he was made President 
of the Bureau of Longitude. It was during this time that he carried on 
the greater part of his scientific researches that gained for him the 
title of ‘the Newton of France.’’* 

Laplace gave to the world three great works: the Mécanique 
Céleste, the Exposition du Systeme du Monde, and the Théorie Analy- 
tigue des Probabilités. Besides these he presented numerous important 
memoires before the French Academy and the Academy of Sciences. 
Laplace’s works were first published in seven volumes by the French 
government in 1843. 

The Exposition du Systeme du Monde, a non-mathematical 
popular treatment of Astronomy, was published in 1796. The Me- 
canique Céleste, published in 1799, was a complete analytical solution 
of the mechanical problems presented by the solar system. In 1812 he 
published a series of papers of which the main results were later col- 
lected and called the Théorie Analytique des Probabilités. This work 
contains the greater part of his researches in pure mathematics. The 
third edition, published in 1820, consisted of an introduction and two 
books. The introduction is an exposition of the principles and applic- 
ation of the science of probabilities without the aid of analytical form- 
ulas. The first book gives the theory of generating functions which 
are applied in the second book to the theory of probabilities. 

In this work on probabilities Laplace gave a method of approxi- 
mating the value of definite integrals; the solution of differential 
equations; the use of difference equations; and an important part of 
the work is devoted to the application of probabilities to the method 
of least squares and the theory of errors. 


*Cajori, History of Mathematics, (New York) 1919, pp. 259-266. Ball, A Short 
History of Mathematics, (London) 1919, pp. 412-421. 
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In discussing his contributions to pure mathematics in detail we 
find the following were the most important: 
In differential equations he showed that the potential function 
always satisfied the partial differential equation 
0° re 0° 


+ + =0. 
ox? dy? dz? 





This is known as Laplace’s equation and was first given by him in 
this and in a more complicated form in polar coordinates. He also 
gave a method for the transformation of the linear differential equation 
of the form Rr+Ss+T7t+Pp+Qq+2Zz=U, where R, S, T, P, Q, Z 
and U are functions of x and y, to a simpler form and thereby a method 
of solution. We then find a method for the integration of an equa- 
tion of the second order which is linear in the dependent variable and 
its derivatives. This is followed by a theorem which states that the 
solution of a given differential equation with rational coefficients can 
be obtained in the form of a definite integral. The greater part of his 
work with differential equations is found in the Mécanique Céleste 
and a memoire read before the French Academy. 

In the course of his work, especially in his researches on the Expo- 
sition du Systeme du Monde, Laplace had occasion to eliminate n 
quantities from a set of linear equations. His methods of obtaining 
the unknown solutions are given in a memoire published in the History 
of the Royal Academy of Science in 1772. He obtains the solution of the 
unknown by means of determinants and introduces the term resultant 
for the expression which gives the value of the unknown. He then gives 
a proof of a theorem of Vandermonde on the effect of transposing two 
elements in the resultant. He further shows that when two elements 
are alike the resultant vanishes. The mode of elimination and the 
solution of the unknowns in simultaneous equations was practically 
the same as that used today. 

The most important part of the memoire is given to the method 
of calculation of the resultant. It is introduced as “a very simple 
process for considerably abridging the calculation of the equation of 
condition between a, b, c, &.”"* As a matter of fact it was of more 
importance than this as it involves a general expansion theorem to 
which Laplace’s name is attached. 

The calculation of the resultant necessitated a notation which 
Laplace supplied as follows: “I designate by (abc) the quantity 
abc —acb+cab—bac+bca—cba and by (a 6) the quantity ab—ba, etc.; 
by ('426*c) I indicate the quantity (a bc) in the terms from which 


*Muir, History of Determinants, Vol. 1, (London), 1906, p. 27. 
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we give 1 to the index to the first letter, 2 for the second, and 3 for the 
third; by (! a 2 b) I designate the quantity (a b) in the terms from which 
we give 1 to the index to the first letter and 2 to the second; etc.’’* 
Here again his notation is practically the same as that used today. He 
later solves the problem of determining the number of terms in this 
expansion. 

The sum of Laplace’s contributions to the theory of determi- 
nants may be stated as follows: 


1. The name resultant for the expression for the value of the 
unknown. 

2. A proof of the theorem regarding the effect of the transposi- 
tion of two adjacent elements in the resultant. 

3. <A proof of the theorem regarding the effect of equalizing two 
of the elements of the resultant. 


4. A notation for a resultant, e. g. ('a@?b*c). 

5. A method of arriving at the solution of a set of simultaneous 
equations. 

6. A rule for expressing a resultant as an aggregate of terms 
composed of factors which are themselves resultants. 


7. A method for finding the number of terms in this aggregate. 


Laplace’s notion of the generating function was introduced in his 
Théorie Analytique des Probabilités. It consists of treating the suc- 
cessive values of any function as the coefficients in the expansion of 
another function with reference to a different variable. The latter 
function is called the generating function of the first. He then shows 
that the coefficients may be determined by a method of interpolation 
from the generating function. About this function Laplace says: 
“Given y, any function of x; if we form the infinite sequence 


PP PET IE FT > CHS PF >> FHF” E 


we are always able to conceive of a function of ¢, which, developed 
according to the powers of ¢, gives this sequence: this function is that 
one which I call the generating function of y,. 

The generating function of any variable y, is then generally a 
function of t, which, developed according to the powers of ¢, has this 
variable for the coefficient of {7; and reciprocally, the variable corres- 
ponding to a generating function is the coefficient of ¢* in the develop- 
ment of this function following the powers of ¢. Again, the exponents, 
both positive and negative, of the power of y indicate the position 


*Muir, History of Determinants, Vol. 1, (London) 1906, p. 30. 
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which the variable occupies in the series which we may conceive of as 
prolonged indefinitely to the left.’’* 

Laplace then considers the converse problem: Given the co- 
efficients to determine the generating function. It is here that he makes 
use of finite differences. He was the first to show that a recurrent 
series is connected with the solution of an equation in finite differences 
with one independent variable, and also that a recurro-recurrent 
series is similarly connected with the solution of an equation in finite 
differences with two independent variables.t Laplace introduced the 
term finite differences as well as the subject itself. In a further treat- 
ment of the subject of finite difference equations he was the first to 
consider the difficult problem involved in the equations of mixed 
differences and to prove that the solution of an equation in finite dif- 
ferences of the first degree and second order could always be obtained 
in the form of a continued fraction. 

In a memoire on the Theory of Probability published about 1778 
Laplace considers the evaluation of many definite integrals by a method 
of approximation.t He first applies the method to an integral of the 
type /§y dx where y=x?(1—x)* the integral being taken between as- 
signed limits. Later in this memoire Laplace develops another form 
of approximation of the definite integral which is as follows: Suppose 
it is required to evaluate /y dx, let Y be a maximum value of y within 
the range of integration. Assume y= Ye-" and thus change /y dx 
into an integral with respect to 7. Laplace later determines the value of 


/ e~ ‘dt. 
0 


This is accomplished by taking the double integral 


ee] @ 
e~*"+ dsdu 
0 0 


and equating the results which are obtained by considering the inte- 
gration in different orders. He also considers y= Ye~“ instead of 
y=Ye-". 

Todhunter says that this memoire, on account of the method of 
approximating the value of definite integrals, deserves to be regarded 
as a great contribution to mathematics in general outside of its appli- 


cation to the theory of probabilities. 
*Théorie Analytique des Probabilités, Book 1, Chap. 1, pp. 9-10; Third Edition, 1820. 


tTodhunter, History of the Theory of Probabilities, (London), 1865, pp. 464-465. 
tTodhunter, History of the Theory of Probabilities, (London), 1865, pp. 479-483. 
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Although Gauss and Legendre had previously given empirically 
the method of least squares for the combinations of numerous observa- 
tions, Laplace gives a formal proof of the theory in the fourth chapter 
of the second book of the theory of probabilities.* This chapter is 
taken up exclusively with the theory of errors and the method of least 
squares. His method of reasoning for the law of errors is as follows: 
The normal law of errors is a first approximation to the frequency with 
which values are apt to be assumed by a variable magnitude on a great 
number of independent variables, each of which assumes different 
values in random fashion over a limited range according to a law of 
error, not in general the law of error, nor in general the same law for 
each variable. 


This chapter seems to be the most difficult to follow in all of La- 
place’s work. However, Todhunter says, “Although his processes are 
obscure and repulsive, yet they contain all that is essential in the theory 
of errors and least squares.’’+ M. Charlier remarked that among 
various deductions of the law of errors the exhaustive researches of 
Laplace occupy beyond doubt a leading place because of their general- 
ity and far reaching applications. 


Among the minor discoveries of Laplace we may mention the 
following: About 1782 Laplace was the first to introduce integral 
equations into analysis.t He considered the equation 


f(x)= | e*'d(d)di, g(x)= | t*-“o(ddl 


where #(/) represents the unknown function in each case. The first 
integral equation of which a solution was obtained was Fourier’s 
equation 


f(x)= cos(xt)(t)dt. 


—c 


Laplace also gave a proof to the effect that every equation of even 
degree must have at least one real quadratic factor. He makes use 
of his method of approximation to determine the coefficient of any 


*Todhunter, History of the Theory of Probabilities, (London), 1865, pp. 560-575. 
tTodhunter, ibid., p. 478. 
{Whittaker and Watson, Modern Analysis, (Cambridge) 1920, p. 211. 
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term in the expansion of a high power of a certain polynomial; e. g., 
suppose we require the coefficient of a' in the expansion of 


a L L ‘ 
{ et pmmmen femmmmmnahe « « « «fem Leg 4: - - +a +0"| 
a” a” 1 a" 2 a 

Throughout his researches Laplace seems to have regarded analysis 
merely as a tool for attacking physical problems, although his ability 
to handle analysis was phenomenal. He took but little time to explain 
how certain results were obtained as long as the results were true. 
Dr. Bowditch who brought out an English translation of the Mécanique 
Céleste was accustomed to remark, “‘whenever I meet in Laplace with 
the words ‘Thus it plainly appears’, I am sure that hours and perhaps 
days of hard study will alone enable me to discover how it plainly 
appears.’’* 


tTodhunter, ibid., p. 478. 
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Teaching the Conic 


By C. D. SMITH 


Text books usually approach the subject of the conics from one 
of two points of view. Some begin with the locus of a point whose 
distance from a given fixed point is proportional to its distance from a 
fixed line. The equation which follows has a line of symmetry usually 
made parallel to one axis of coordinates by means of a transformation. 
The result is in turn simplified by another transformation. One trans- 
formation with the ratio equal to 1 gives the first standard parabola. 
A different transformation with the constant ratio less than 1 or 
greater than 1, gives the first standard ellipse in the one case and the 
first standard hyperbola in the other. The beginner finds the whole 
procedure rather involved. Consequently teachers began trying for a 
more direct approach to standard forms. Some of the more recent 
texts use a different defining property for each conic so that the results 
are apparently not related. In one case the distance to a fixed point 
equals the distance to a fixed line. And again the sum of distances 
to two fixed points is constant or the difference is constant and we are 
asked in both cases to accept 2a for that constant without any apparent 
reason. It turns out of course that 2a is the axis length for either 
curve and the bright student begins to feel that he has been slightly 
duped. He next finds that each curve has a fixed line corresponding 
to each given point and he now feels duped some more. Finally the 
distance to the given point and the distance to the corresponding 
line have a constant ratio in each case and the good student is asking 
why they were not all defined as one set in the first place. 

The following development seems to combine the advantages of 
both methods and is shorter than either method. My students like it 
and learn it this way. A conic is the intersection of a plane surface 
with a conic surface. Three well defined types are commonly called 
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the parabola, the ellipse, and the hyperbola. Definition: The first 
standard conic is the locus of a point P(x,y) such that the distance 
from point F(p,0) to the distance from a line x = —d is a constant e>0. 
From the definition we have 


V(x—p)? +9? =e(x +d). 
By squaring both sides the equation reduces to 
x*(1—e*)+2x(e*d+p) +? =e*d? — p*. 
Now let e=1 and d=), and we have the parabola 
(1) y? =4px. 
Next let e<1, e*d+p=O0, and e*d?—p* =b?, and we have the ellipse 
(2) x*/a?+y?/b?=1, where b?=a*(1—e?). 
Finally let e>1, and e*d*?—p*? = —b?, and we have the hyperbola 
(3) x*?/a*—y?/b?=1, where b?=a*(e?—1). 


Immediately the focus and directrix are, for the parabola, F(p,0) and 
x= —p; for the ellipse, F( +ae,0) and x = +a/e; and for the hyperbola, 


the same as for the ellipse. Essential properties follow as exercises, 
e. g. other standard forms, tangents at symmetric points meet on the 
axis, for the ellipse the sum of focal distances equals 2a, for the hyper- 
bola the difference between focal distances equals 2a, and all the rest. 
Hence we have one defining equation which specializes into three 
standard types of conic with standard properties determined in each 
case by the value of e. 





A Note on an Approximation to the Square 
of the Circle 


By WALTER H. LOWSTON 
New York City 


In this note we show how, for a given circle, a square may be 
constructed whose area approximates closely to the area of the circle. 
The accuracy of the construction may be inferred from the fact that 
the relative error in the side of the square (which is proportional to yx) 
is less than .06%. 

Of course this result may seem tame when the seven hundred and 
seven place accuracy of Shank’s approximation is contrasted with it; 
none the less it is hard to imagine any actual construction in which 
errors from other sources would not outweigh this one. In addition 
our construction is extremely simple, and the proof of our claims for 
it constitute an exercise in elementary trigonometry which can be 
followed by a high school student. 

The construction may be described as follows: 

In the diagram we have started with a diameter AB of the circle 
and drawn the radius OC perpendicular to it. The radius OD is drawn 
to make an angle of 45° with AB. On the line CB the point E is de- 
termined so that EB is one-fourth of CB. Then DE intersects AB 
in F, and the segment AF is the side of our approximating square. 
Its length is (11+2)/7 times the radius of the circle. This is ap- 
proximately equivalent to using 1.77345 for \ instead of 1.77245---. 

Without loss of generality, we assume that the radius of the 
circle is unity. We compute the length of FB, using the law of sines 
in AEFB. Let a be the angle FEB. Observe that angle EF B = 135° —a, 
so that sin EF B=sin (45°+a). We have 


FB=EB sina/sin EFB=EB sin a/sin (a +45°). 


Since EB = /2/4, after a simple calculation we obtain 
FB =} tana/(tana+1) 


The value of tan a may be obtained from ADGE. It is seen to be 
GD/GE, which is 
V2 - 
—— = 212-2. 
4 V 
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Thus FB = (3—¥2)/7. 
Then AF, which is the line whose length we seek, is found to be 
AF = (11+~2/7) =1.77345: ---. 


Another method using analytics, is as follows: 
Y 
- (2, 1) 








A (-4,0) "7 faa. 
OD =bisector of Z BOC 
EB=}CB 
E : (3, 4) 
x—i 
42-2 
a 


—  411+~72 
Fe t+y2_ 





Line DE : 


This meets Ox at F 


=1.77345---- 
7 —EEE 


Vx =1.77245--++. 





Problem Department 


Edited by 
ROBERT C. YATES and Emory P. STARKE 


This department solicits the proposal and solution of problems by its 
readers, whether subscribers or not. Problems leading to new results and 
opening new fields of interest are especially desired and, naturally, will be 
given preference over those to be found in ordinary textbooks. The con- 
tributor is asked to supply with his proposals any information that will 
assist the editors. It is desirable that manuscript be typewritten with 
double spacing. Send all communications to ROBERT C. YATES, West 
Point, N. Y. 


SOLUTIONS 


No. 382. Proposed by D. L. MacKay, Evander Childs High School, 
New York City. 


Given line AB and circles (O) and (O’) on opposite sides of AB. 
Construct an equilateral triangle having a vertex on AB and on each 
of the given circles. A solution involving the method of symmetry is 
desired. 


Discussion by L. D. Pegg and J. S. B. Dick, U. S. M. A. 


The problem has an infinitude of solutions. From some fixed 
point P on (O’) we erect equilateral triangles PX Y with X as a variable 
point on (O). The locus of the vertex Y is a circle (C) which is the re- 
flection of (O) in a line making 30° with PO. The circle (C) meets 
AB in Z and W, two points which determine equilateral triangles with 
vertices on AB and (OQ) and at P. 

From another viewpoint, an equilateral triangle, arbitrarily fixed 
(within certain limits) in shape and area, moves with two of its vertices 
on (O) and (O’). The locus of the third vertex is the much discussed 
3-bar curve. Since this curve is of the sixth degree, there are, alge- 
braically, six possible intersections with a line AB and thus six possible 
positions for every selected equilateral triangle. The number of these 
positions depends upon the relative placement of line and circles. 
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No. 385. Proposed by D. L. MacKay, Evander Childs High School, 
New York City. 


The medians of triangle ABC intersect its circumcircle in 
A’, B’, C’. Given these three points, construct the triangle ABC. 


Solution by the Proposer. 


Fig. 1. If the medians AM,, BM,, CM, cut the circumcircle 
in A’, B’, C’ respectively and M,’, M’,, M,' are the midpoints of B’C’, 
A’C’ and A’B’ respectively, then triangles BCG and B’C’G’ are similar 
and GM, and GM,’ are corresponding lines, where G is the centroid of 
triangle ABC. 

Thus 2BGM,=2ZB’GA=ZC’'GM,’ and GA is collinear with the 
symmedian of triangle B’GC’. In like manner, GB and GC are collinear 
with the symmedians from G of triangles GC’A and GA’B’ respectively. 
Hence ZB’GM,'=2ZAGC'’=2ZA'GC=ZB'GM,' and B’ lies on the 
bisector of 2M,’GM,'. Likewise, C’ and A’ are on the bisectors of 
angles M,'’GM,' and M,’'GM_.’. 

Fig. 2. Let A,’ and A,’ be the projections of A’ on GM,’ and 
GM.’, B,' and B.’ those of B’ on GM,’ and GM’, C,' and C,' those of 
C’ on GM,’ and GM,’. 

Since any two vertices of a triangle are equidistant from the median 
drawn from the third vertex we have 


A’'A,' =A’'A,' =C'C,' =C'C,’ = B’B,' =B’B. 
Also GC,'=GC,', GB,’=GB.’, GA,'=GA/. 


Thus G is the intersection of the common interior tangents to the pairs 
of equal circles of radius x having A’, B’, C’ for centers. 

With proper arrangement of signs, dependent on the relative po- 
sitions of the three circles we have 


B,'C,' +C,'A,’ + A,B,’ =0 (1). 
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Thus for Fig. 3 we have 
(B,’'G+GA,'+C’A,’) —C,’A,’ —(GA,'+B,’'G) =0 
(B,'G+GC,') —C,’A,’ —(A’G+GB,’) =0 
B,'C,' —C,'A,’—A/B,' =0. 


Let the sides of triangle A’B’C’ be 2a’, 2b’, 2c’. Then, Fig. 2, 
B,'C,' =2M,'B,' =2va’? —x?, C,'A,’ =2yb"* —x*, A.'B,’ =2yc"*—x?, and 
equation (1) becomes 





ya’? —x? = yb’? —x?  yc"?—x? =0 
(2) 3x4 —2(a’*+b'2+¢'*)x?+4b'%c"? — (b'2 +c’? —a@"")?=0. 
If S=area of triangle A’B’C’, w its Brocard angle, then 
a’?+b’2+¢" 
cot # =——_—__ , 
4S 
see McClelland’s Geometry of the Circle, p. 62, and 
4b’*c’? — (b'?+-c’? —a"*)? = 16S?. 
Hence equation (2) becomes 
3x*—8Sx? cot w+ 16S? =0 
4S a 
x? = <. (cot w + ycot*w —3) 


Knowing x, we can draw the common interior tangents to circles 
A’'(x), B’(x), C’(x), three intersecting in G, the other three in GC’. 
A’'G, B’G and C’G cut circle A’B’C’ in A,B and C. 


No. 444. Proposed by H. T. R. Aude, Colgate University. 


In the scale of three, each of the fractions which have a certain 
integer N for denominator requires three digits in the repetend. In 
the scale of six, the fractions having a second integer M for denomina- 
tor require six digits in the repetend. The numbers N and M when 
written in the denary scale use the same digits. Find M and N. 


Solution by the Proposer. 


In the scale of three the number JN will have the desired property 
if and only if it satisfies the congruence 


3°=1 (mod N) 
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but does not satisfy 3°=1 (mod N), e<3. It follows that the number 
N must be either twenty-six or thirteen. This points out that the 
number M is either sixty-two or thirty-one to correspond. 

When six is the scale, the number thirty-one will have six digits in 
its repetend, for e =6 is the least integer for which the congruence 


6*°=1 (mod thirty-one) 
is true. Sixty-two is not a satisfactory value of M since the statement 
*=1 (mod sixty-two) 
cannot hold. It follows that the number M is thirty-one and N is 
thirteen. 
No. 453. Proposed by W. V. Parker, Louisiana State University. 
Find all the points on the hyperbola 
3x? —y?+2x—y=0 
for which both coordinates are integers. 
Note by the Editors. 
The standard solution for the Pell equation 
(1) (6x+2)?—3(2y+1)?=1, 
which is equivalent to the given equation, is 
(6x +2) =[(2+13)"+(2—~y3)"] /2, 
(2y+1) = =[(2+-3)"—(2—3)"] /2y3. 


x and y will be integers if and only if » is odd and the positive sign is 
taken for the right member of the first equation. 
It is not difficult to set up the equations 


x’=7x+4(y+1), yy’ =12x+7(y+1), 
or, solved for x and y, 
x=7x'—4y’, y+1=7y’—122’, 
such that, if (x,y) is a solution of (1), so is (x’,y’), and conversely. An 


obvious solution is (0,0) to start with. Furthermore these recurrence 
formulas give all the solutions. Discussions of these matters are 
available in many texts on the theory of numbers, e. g. Elementary 
Number Theory, Uspensky and Heaslet, pp. 332-359; Theory of Numbers, 
Wright, pp. 36-41; Higher Algebra, Hall and Knight, pp. 304-310. 
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No. 459. Proposed by V. Thébault, Tennie, Sarthe, France. 


In every system of enumeration with base B>2, where B?+1 is 
prime or is the product of prime numbers to the first power, there are 
no other eight-digit squares of the form ababcdcd than those whose 
root is a four-digit number mnmn, and there are always at least two of 
these. What is the statement for the other values of B?+1? 


Solution by the Editors. 
Any eight-digit square of the proposed form may be written 
N? = (aB'+0B*+cB+d)(B?+1). 


If B*+1 is not divisible by a square factor, N* must be divisible by 
(B?+1)? and we have, for some integer K, 


(1) aB’+bB*+cB+d=K*(B*+1). 


But the left member is less than B*, whence K?B? is less than B*. 
Since thus K is less than B*, it must be of the form K=mB-+n and 
therefore 


(2) N = K(B*+1) =mnmn 


as required. 
By division (1) may be put in the form 


(3) ? = aB*+bB*—aB—b+ | (a+c)B+(b+d] /(B?+1). 


Since the last term is an integer and its numerator is positive but less 
than 2B?, it must have the value unity, or 


(4) (a+c)B+(b+d) =B*+1. 


The equation (3) can then be written in the convenient form 


(5) (@B+b)(B*—1)=K?-1, 


which will be satisfied (with appropriate a,b) by every value of K such 
that 


(6) B<K<B*, K*=1 (mod B*-1). 


Choosing K =B?—B-—1 and K=B*—2, which satisfy (6), we obtain 
from (2), (4) and (5) the following values for N* = ababcdcd, 


(7) B—2 0 B—-20 21 2 1=(B-—2 B-1 B-2 B-1)’, 
B-1 B-3 B-1 B-3 04 0 4=(B-1 B-2 B-1 B-2)’, 
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valid for any B greater than 4. These results are also valid for B=3 
and B =4 provided the last four digits of the second square are written 
1111 and 1010 respectively. 

Other solutions of (6) are possible if B*—1 is divisible by more 
than two primes or is even (and not 8). Thus for example if B=1 
(mod 4) we find ababcdcd = (mnmn)? for 


a=(B-1)/4, b=a+1, c=3a, d=c+l1, m=2a, n=2a+1; 

a=(B-—1)/4, b=a-1, c=3a, d=c+3, m=2a, n=2a-1, 
in which if B=5, reaadc =4,d=1. For B=3 (mod 4) and B#3, we have 
a=(B-—3)/4, b=3a+3, c=b-1, d=a+l1, m=2a4+1, n=2a+2; 
a=(B-3)/4, b=3a+1, c=6b4+1, d=a+3, m=2a+1, n=2a. 


These and the results in (7) are valid regardless of the factors of 
B*+1. Thus for every value of B, except 2, there are at least two 
squares of the proposed form. If, however, B?+1 is divisible by a 
square, then the argument leading to (2) and (5) is no longer the only 
possibility and we may have yet other squares ababcdced which are not 
of the form (mnmn)*. For example with base 7, 12123232 = (3014)?. 


No. 463. Proposed by E. P. Starke, Rutgers University. 


Prove the construction for the tangent to any conic at one of its 
points P: join P to a focus F; let the perpendicular to PF at F meet 
the corresponding directrix at D; DP is the required tangent. 


I. Solution by D. L. MacKay, Evander Childs High School, New 
York City. 


Let P and P’ be two neighboring points on the conic, and let E 
and G be their projections on the directrix. Let PP’ meet the directrix 
in D’, and let PF cut the conic again in H. By definition, 
FP :PE=FP’ : P’G, and from similar triangles, PE : P’G=PD’ : P’D’. 
Hence we have FP : FP’=PE: P’G=PD’' : P’D’, so that D’F bisects 
angle P’FH. Now as P’ approaches P along the curve, the angles 
D’FP’ and D’FH, being always equal, become right angles when 
FP’ coincides with FP and D’P becomes the tangent DP. The rela- 
tionship upon which the construction depends is thus established. 


II. Solution by Paul D. Thomas, Lucedale, Miss. 


The equation of a conic of eccentricity e having the Y-axis asa 
directrix and F(a,0) as the corresponding focus is 


x*(e?—1)+2ax—y?—a’?=0. 
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The equation of the tangent to the conic at P(x;,7) is 
x,x(e?—1)+a(x+2%,) —ny—a? =0. 


This line meets the Y-axis in the point D(0, a(x,—a@)/y,). Thus the 
slope of FD is —(x,—a)/y,, while that of PF is y,/(x,—a). Since these 
slopes are negative reciprocal, FD is perpendicular to PF at F. 


A Proof of the Theorem of Pythagoras, by Guy E. Clutter, Hous- 
ton, Texas. 





The area of ABC is (r =in-radius): 
(1) ab/2=1r(a+b+c)/2 
in which 2(r+x+y) =a+b+e 
(2) 2r=a+b—c. 
The elimination of r between (1) and (2) produces 
2ab = (a+b—c)(a+b+c) 


a?+b* =c?. 
PROPOSALS 


No. 486. Proposed by V. Thébaulit, Tennie, Sarthe, France. 


In which system of numeration having a base less than 10000 
are there the largest number of 4-digit squares of the form aabb and 
such that aabb = (cc)? ? 

No. 487. Proposed by W. N. Huff, The Hill School, Pottstown, Pa. 


Find the volume generated by revolving a cube about a diagonal. 


No. 488. Proposed by John Bristow, student, Colgate University. 


Two parabolas with axes perpendicular pass through the point P, 
(2,8), and have there the same tangent line and the same circle of 
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curvature. If the equation of one of them is y =6x—x?, find the equa- 
tion of the other. 


No. 489. Proposed by D. L. MacKay, Evander Childs High School, 
New York City. 


Given the quadrilateral ABCD. Find two points X and Y on AB 
and CD, respectively so that AX, XY, and YC are proportional to 
m, n, p. 


No. 490. Proposed by Howard D. Grossman, New York City. 


A chance event which can be either A or non-A is repeated n 
times. Let E be the compound event of exactly r and no more A’s. 
Uspensky (Introduction to Mathematical Probability, pp. 77-84) has 
given a treatment of the problem: find the probability that the sequence 
of m events will contain at least one E. The following problem is 
simpler and in many cases more significant: find the probable number 
of E’s and show that it is asymptotic to p’(1—p)*n, where p is the 
probability of the occurrence of A. 


No. 491. Proposed by Franklin Miller, Jr., Rutgers University. 


A light stands at A within the angle formed by two intersecting 
mirrors. Show that the length of the path of a ray of light which 
returns to A after being reflected in both mirrors equals twice the 
distance between A and the intersection of the mirrors times the sine 
of the angle between them. 





Bibliography and Reviews 


Edited by 
H. A. SIMMONS and P. K. SMITH 


Mathematical Monographs, Volume I (Northwestern University Studies in Mathe- 
matics and Physical Sciences, No. 1). Northwestern University, Evanston and Chicago, 
1941. vii—172 pages. 


The four monographs in this volume are outgrowths of four sets of lectures in the 
field of analysis and its applications, delivered during the year 1939-40 at Northwestern 
University. The titles of the monographs are: Maxima and minima of functions of 
two or more variables; The statistics of time series; Topics in continued fractions and 
summability; Spectra in quadratic forms in infinitely many variables. The respective 
authors are D. R. Curtiss; H. T. Davis; H. L. Garabedian and H. S. Wall; E. D. Hellin- 
ger. The volume was prepared under the editorial supervision of D. R. Curtiss. 

Monographs of this type fulfil a very useful role in enabling the student and research 
worker in the field of mathematics to rapidly acquaint himself with recent developments 
in certain lines of mathematical advance, not yet available in general treatises and diffi- 
cult of access in the memoirs of research journals. Those in the present volume have 
been well prepared from this point of view; they were written by well known experts 
in the fields in question and contain some of the original work of these men. In each 
case, however, enough general background has been given to make an understanding 
of the discussion within the scope of a reader well grounded in analysis. 

In the first monograph the novel features of the discussion center about tests for 
maxima and minima which have analogies in the theory of equations. In particular 
there is an interesting extension of the Sturmian algorithm to functions of two variables, 
from which criteria for a proper extreme of a function are derived. 

In the second monograph there is given a systematic discussion of the statistical 
theory of time series as contrasted with the statistics of frequency distributions. Appli- 
cations of the theory to problems of a dynamic nature in the field of economics are in- 
cluded. 

In the third monograph recent work of the writers which establishes the connec- 
tion between continued fractions and Hausdorff methods of summability is set forth 
in a systematic exposition. This development completes earlier work of Stieltjes and 
Hausdorff in which the connection between the moment problem and continued frac- 
tions and that between the moment problem and summability theory were respectively 
developed. 

The last monograph deals with the theory of quadratic forms in infinitely many 
variables, as developed by Hilbert and his school. It is an excellent introduction to this 
important field, as one would expect from one of the leading contributors to the theory. 
In order to avoid complexity the author confines himself to Hilbert’s original space of a 
countably infinite number of variables instead of developing the subject from a more 
general standpoint. This has the advantage of making the discussion more accessible 
to the average reader. 


University of Cincinnati. CHARLES N. Moore. 
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Spherical Trigonometry and Tables. By Granville, Smith, Mikesh. Ginn and Com- 
pany, Boston, 1942. xxii+103 pages. $1.25. 


This book is that part of the larger Granville’s Plane and Spherical Trigonometry 
and Tables which deals with spherical trigonometry, with the addition of a résumé of 
the formulas of plane trigonometry and an introduction to the terminology of naviga- 
tion. Chapters I, II contain the theory of right and oblique spherical triangles, respec- 
tively, with the usual memory devices of Napier. Chapter III gives several applications 
to the celestial sphere. Chapter IV summarizes the results of the first two chapters. 
The tables (four-place) are five in number: logarithms of numbers, logarithms of trigo- 
nometric functions (degrees and minutes, also degrees and decimal parts of a degree), 
natural values of sine, cosine, tangent and cotangent. 

In these days of revived interest in the subject of spherical trigonometry, it is 
convenient to have separate books complete in themselves for all who have had plane 
trigonometry previously. This volume meets such a need and also provides a varied 
collection of problems. 


Virginia Military Institute. W. E. Byrne. 


Mathematics Dictionary. By Glenn James, assisted by R. C. James. The Digest 
Press, Van Nuys, California, 1942. v+259, and 22 additional pages of tables and 
lists of symbols. 


Because of the individual abilities and weaknesses of their authors, because also 
of the individual character and domains of their contents, dictionaries differ widely 
in the nature of their appeal to users. Some are consulted briefly and matter-of-factly 
during hours of work; others serve better for browsing during hours of leisure. This 
review makes the prediction that the readers of this mathematics dictionary will rarely 
come to consult, and, when they do, will stay to browse. It is the view of this review 
that it is no discredit to a dictionary to be a meadow instead of a mine, that it is no 
discredit to a dictionary to be a source of diversion rather than a source of information. 

Reviewers tend to form the habit of estimating only the achievement of the author’s 
avowed objectives, and, by thus viewing books only from their best sides, to give readers 
a narrower glimpse of their imperfections. This remark is intended here neither as praise 
nor as criticism of reviewers, but merely as an introduction of the avowed objective 
of the authors above. This is, in their words on page iv, “‘the conveying of mathe- 
matical concepts. Formalism has throughout been a minor consideration. The needs 
of three classes of readers have been kept constantly in mind: (1) The student’s need 
of a reliable supplement to his current work and his need for ready access in the more 
advanced classes to the multitude of facts he has already studied. (2) The needs of 
teachers and workers in other fields that require mathematics. (3) The needs of the 
intelligent layman who wants to know how to answer the mathematical questions 
that confront him almost daily.” 

The actugl book, however, seems to have been shaped not so much by the motive 
which the authors confess as by the means which they have used to realize it. They 
describe this in their own words as follows. “‘For the most part this dictionary is a 
reporting from modern textbooks.” A reporting is truly what is looks like. 

Upon these modern texts, and not upon the authors of the dictionary, may conse- 
quently be laid the blame for the “ragged upper frontier of the collection of definitions’”’. 
These words of the authors seem apt enough for a collection which includes moment 
of inertia but not product of inertia, group but not ring, logistic but not logic, summa- 
tion but not summand, ideal point but not ideal number, Fourier series but not orthog- 
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onal series, ordered set and dense set but not open set and not closed set. They aptly 
characterize also such irregularities as listing double cusp, double integral, double 
root, and double subscript under double; but not double series, which has to be content 
with hiding out under series; and explaining ruler in terms of straight edge, without 
explaining straight edge: but the blame for these is not so easy to assign. And when 
it comes to a possibly misleading definition (see the definition of limit point of a set), 
then it could be hoped that the authors of the dictionary had been more critical, in a 
fatherly way, of their textbook sources. 

There are, furthermore, some defects which must be attributed wholly to the 
authors. Among these are leading words in subheading type—for instance (1) Mene- 
laus’ Theorem on page 153, and (2) Rules for use of Logarithms on page 210—and the 
use in the text of symbols not explained in the glossary of symbols at the back of the 
book—for instance the symbol (a,b) for straight line interval or segment, whichever 
it is, from @ to 6 occurring under Rolle’s Theorem on page 208. There is also some 
bad type which ought not to have appeared, conspicuously the symbol omega on page 142. 

It is perhaps not fitting to keep on pointing out small faults in a project which 
has already required more than three thousand hours of work and which its authors 
do not hesitate to defend by quoting some celebrated sentences of Samuel Johnson. 
Furthermore the contents really have surprising scope in a short space, the scope ex- 
tending from five lucid lines upon point to an impenetrable column and a half on tensor. 
An appreciation of this impressive range may be gotten from a glance at the proper 
names which it includes. Among these are Newton’s Laws of Motion, Gauss’ Proof, 
Leibniz’s Theorem, Euler’s Constant, Bessel Functions, Legendre’s Polynomials, 
Lagrange’s Method, Green’s Theorem, Peaucellier’s Cell, and the Cauchy-Lipschitz 
Condition. At the end of such a list as this it dawns upon one that the great names 
of mathematics to this dictionary are merely adjectives. Newton is not, for instance, 
a man who invented the differential calculus, but merely a collaborator with Gregory 
(another adjective) in an interpolation formula, a qualifier of some laws of motion, and 
a kind of approximation formula. Descartes is merely a variety of folium and a par- 
ticular rule of signs, thus having a purely coincidental connection with geometry. It 
may be said further that this dictionary defines terms and does not deal with biographies. 
But when a strict adherence to any program makes Archimedes the mere modifier of 
a spiral, reduces Pythagoras to the actual adjective Pythagorean, and omits both Bolyai 
and Lobachevski completely, then a reader with a view of mathematics as human in 
addition to divine comes to wish for a few good stiff derelictions. 

As to the great logicians, they do not rate at all. Not a one of them from Aristotle 
to Goedel is mentioned, even as an appendage to some gimcrack. In fact the dictionary, 
although positively devoted to mathematics of investment, flattering to physics, and 
aware of astronomy, ignores logic completely. Not even such words as syllogism and 
proposition are listed. Is it implied that the needs of students, teachers, and intelli- 
gent laymen never include logic? 

Some of the space saved on history and logic in the book is used in giving examples 
and listing synonyms. The examples are almost certain to be useful. Some synonmys 
have been overlooked, for instance complanar. Some of the rest of the space has been 
spent, less defensibly, on oddities. It seems almost as if the authors had at times acted 
out of whimsey, picking up strays and listing them kindly to preserve the neglected 
things from oblivion. Are not astroid, versiera, round angle, and the Dayton Ohio 
Plan examples? But it is just such inclusions as these which make the book a good field 
in which to browse. And that, to repeat, is what this reviewer maintains it primarily is; 
in spite of loftier motives and needs one, two, and three in the minds of its authors. 


Baton Rouge, La. N. E. Rutt. 
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Logarithms, Trigonometry, Statistics. By Cooley, Graham, John, and Tilley. 
McGraw-Hill Book Company, New York, 1942. xii+280 pages. $2.00. 


This textbook presents the standard material of plane trigonometry and logarithms, 
together with some of the descriptive methodology of statistics. Chapter titles are as 
follows: I, Logarthms. II, The Slide Rule. 111, Errors in Numerical Calculation. IV, 
Logarithmic and Exponential Functions. V, Indirect Measurement (Right Triangles). 
VI, Angles of Any Size and Their Functions. VI11, Oblique Triangles. VII, Trigonometric 
Analysis. IX, Law of Tangents and the Half-Angle Law. X, Trigonometric Functional 
Relations. XI, Inverse Trigonometric Functions. X11, Polar Coordinates. XIII, Polar 
Representation of Complex Numbers. XIV, Empirical Functions. XV, Statistical Func- 
tions. Chapters II and III, and XII to XV inclusive, are starred for possible omission. 
Six sections among the other chapters are similarly starred. 


Trigonometry has been referred to somewhere as “that homely, perhaps, but most 
serviceable handmaid to so many of the arts and sciences”. The styles in which authors 
and publishers dress this humble handmaiden seem almost as varied as the fashions 
of milady’s wardrobe. To be sure, each season brings catalogs from publishers an- 
nouncing new styles in that general field which Hardy, in his Apology, calls “school 
mathematics”. But it is probably trigonometry that leads the field. There are the 
fat, or plump, designs which feature ‘“‘full and complete treatments’’, and there are 
the streamlined models in ‘‘twenty lessons’’. Critics of the former have accused the 
authors of confusing simplification with amplification, claiming that the amplification 
has spent itself upon details rather than upon principles. The latter model has been 
both praised and criticized, on the one hand for being “‘commonly brief” and, on the 


other, for being “cut to the bone—or deeper”. Lately, ‘‘essentials with applications” 
seem to be the mode. Some of these may have been manufactured, one suspects, with 
an eye to the market opened by the war. 


The volume under review appears to set a new fashion with respect to titles. Al- 
though the title is an unusual one, it is not so fantastic as it might seem at first sight. 
This book, together with a companion volume on college algebra, is intended to serve 
for a course in first year college mathematics, the emphasis here being upon those 
functional relations which might be called “‘non-algebraic”. On the jacket we find 
the following description of the book: ‘“... Slide rule and growth problems are dealt 
with in connection with logarithms. Trigonometry is applied to vibratory motion, 
polar coordinates, and complex numbers. Coordinate geometry of transcendental 
functions is discussed, and there are chapters on empirical functions and statistics.”’ 
This turns out to be an accurate thumbnail sketch, but a few supplementary comments 
may be welcomed. The trigonometric functions are first defined for the right triangle. 
Use of the unit mil in angular measurement is explained (in a starred section). The 
laws of sines and of cosines are proved without use of projections. The addition formu- 
las for sine and cosine functions are established for both the restricted and unrestricted 
cases. (Incidentally, the reviewer would like to see in some textbook on trigonometry 
the proofs that appeared in the American Mathematical Monthly, Vol. 49, pages 325 
and 327, for the addition and half-angle formulas.) In the chapter on empirical func- 
tions, methods are given for fitting the straight line, power function, and exponential 
function. A brief discussion of finite differences is included as a setting for the Gregory- 
Newton formula and the use of this formula in fitting polynomials is explained. The 
chapter on statistics deals mainly with methods of computing averages and measures 
of dispersion in descriptive characterizations of frequency distributions. Here the 
standard deviation is defined in accordance with the definition which is usually given in 
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first courses, not the formulation which defines this statistic as an unbiased estimate 
of the corresponding parameter in the underlying probability distribution. 

There are no tables in the book. Instead, the student is referred to the Mathe- 
matical Tables in the Handbook of Chemistry and Physics (published by the Chemical 
Rubber Company, Cleveland, Ohio). Lists of problems seem to be liberal, anyhow 
adequate, and answers are given to a good many of them. The text is attractively 
printed in 11 point type on machine coated paper. 


University of Wisconsin. J. F. KENNEY. 


Aircraft Mathematics. By S. A. Walling and J. C. Hill. The Macmillan Co., New 
York, 1942. 189 pages. 


This small English book was designed primarily as a progressive course for the 
Air Training Corps Cadets. In its construction the aim was two-fold: first, to afford a 
rapid review of the elementary processes; secondly, to show the application of these 
processes in the various Services. 

The subject-matter is divided into six sections (there being no chapters) which 
are entitled, in order: elementary arithmetic, elementary algebra, graphs, geometry, loga- 
rithms and trigonometry. Four-place tables of logarithms and answers are given, but 
there is no index. 

In each section the reviews are concise, the topics considered usually being limited 
to those which will be used in the problems to follow. Rules of procedure are in most 
cases merely stated, no attempt being made at the rationalization which would make 
for a deeper understanding of the processes involved. However, the authors expressly 
state that the book does not pretend to be a textbook of mathematics. 

The wealth of timely applied problems, introduced by the well written technical 
information necessary for their solution, gives promise of creating for the student an 
“enlivening and instructive interest in the special branches of the Services,”’ which, 
in turn, should lead him to an appreciation of the value of a sound basic training in 
elementary mathematics. 

The reviewer does not approve the use of +ve and —ve for positive and negative 
(p. 62), and prefers not to use both cotan and cot (p. 153). These are but minor criti- 
cisms of an excellent book that has evidently been well received in Great Britain, where 
two editions and a reprint (with corrections) have been published within the ten months 
prior to the publication of the American Edition. 

This book is worthy of the attention of college students of mathematics, particu- 
larly those who are interested in aerial navigation. 


Northern Illinois State Teachers College. NORMA STELFORD. 


Trigonometry, Plane and Spherical. By Miles C. Hartley. The Odyssey Press, 
New York, 1942. 298 pages; $1.60. 


This book is very complete, and the explanations are very clear. The introductory 
chapter, giving a brief summary of the important elementary principles of algebra and 
analytic geometry, will be welcomed by many students and teachers. There is an 
ample collection of exercises and worked illustrative examples. While the four-place 
logarithmic and trigonometric tables are probably sufficient for practical applications, 
it seems probable that some students will use five-place tables found in many other 
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texts, thus avoiding practice in interpolation. The summaries, tests, and review exer- 
cises are very helpful to students. 
The misprint 


opposite side 


“tana= = 
hypotenuse 


near the middle of page 80 is very unfortunate. The proofs of identities on pages 103 
and 104 illustrate a type of error very common among students, who start with the 
identity which is to proved and transform it into an obvious identity. The following, 
in the reviewer’s opinion, is a sound proof of illustrative example 1: 


( cos 0 


cot 8 “sine 
csc 8 ( 1 





sine ) 


(The second step is to multiply numerator and denominator by sin@). In §109, the 
plane BED is assumed, but not stated, to be perpendicular to the line OA. In §116 
there seems to be confusion of notation. If the letters B and C are interchanged in 
the drawings and in the first three lines of the section, the discussion will be correct. 
The general appearance of the book is attractive and it will undoubtedly find wide use. 


Southwestern University (Georgetown, Texas). HORACE L. OLSON. 





